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A n-strand geometrical braid is the
embedding of n disjoint monotone arcs
in C× [0, 1] going from (zi, 0) to (zi, 1).

Pic: M. A. Berger



A braid is an isotopy class of geometrical braids.

Pic: A. Sossinsky



We can stack one braid upon another to get a third one.

Up to isotopy, this gives the n-strand braid group B(n).
Pic: A. Sossinsky



Pic: M. A. Berger
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(Dehornoy, Thurston...)



D̃iff+(S1)
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(Dehornoy, Thurston...)

So there is a translation number!



One can close a braid to get a link.

Pic: A. Sossinsky

Every link is the closure of a braid (Alexander, 1923).
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Pic: www.shapeways.com

Every link L ⊂ S3 has a Seifert
surface: an oriented surface F ⊂ S3

such that ∂F = L.

The orientation gives a morphism

i+ : H1(F)→ H1(S3 \ F).

www.shapeways.com
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Pic: www.shapeways.com

We get a bilinear form Θ on H1(F).

Θ(ξ, η) = lk(ξ, i+(η)).

For ω ∈ S1,

(1− ω)Θ + (1− ω)ΘT

is Hermitian.
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Pic: www.shapeways.com

(1− ω)Θ + (1− ω)ΘT is Hermitian.

Its signature

signω(L) ∈ Z

is an invariant of the link.

www.shapeways.com


Theorem (Gambaudo, Ghys, 2005). Let x, y ∈ B(n). Then

signω(x̂y)− signω(x̂)− signω(ŷ) = −Meyer(Burω(x),Burω(y)).



Theorem (Gambaudo, Ghys, lighter version)

signω(x̂y)− signω(x̂)− signω(ŷ) = sth. bounded and 4-dim.





Witt groups are groups of
bilinear objects up to

sublagrangian reduction
E I⊥/I :

I Symmetric bilinear
forms over fields

W(R) ' Z.

I Hermitian forms over
fields with involution

W(C) ' Z.
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BLANCHFIELD FORM

AL : torsion part of H1(Ẽ(L);Q).

Bl : AL ×AL → Q(t)/Q[t±1]

([c1], [c2]) 7→

∑
〈tnS, c2〉tn

p
mod 1

(∂S = pc1)

(cf. linking form of a 3-manifold)



BLANCHFIELD SIGNATURE

Bl : AL ×AL → Q(t)/Q[t±1].

The Blanchfield form is an Hermitian form on a torsion
Q[t±1]-module. It defines a Blanchfield signature

βL = [Bl] ∈WT(Q[t±1])

in the Witt group of such objects.



WT(Q[t±1]) ' Z∞ ⊕ (Z/2)∞ ⊕ (Z/4)∞ .

The projection of βL in

WT(Q[t±1])/torsion ' Z∞

is essentially equivalent to the ω-signatures.



Theorem. Let x, y ∈ B(n). Then

βx̂y − βx̂ − βŷ = −∂Meyer(Bur(x),Bur(y)).

Better:

βx̂y − βx̂ − βŷ = sth. “bounded” and 4-dim.

This equality takes place in WT(Q[t±1]).
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βx̂y − βx̂ − βŷ = −∂Meyer(Bur(x),Bur(y)).

Better:
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B(n) = π0 Diff+(Dn, ∂extDn).

: −→
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βx̂y − βx̂ − βŷ = −∂Meyer(Bur(x),Bur(y)).

Better:
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