Generalized Newton transformation and its applications to extrinsic geometry

Wojciech Koziowski

1 Motivation Now, we may state the main definition. The generalized New- Every element (x,e) = (e1,...,¢e) € Py, x € M, induces the

ton transformation of A = (Ay,...,A;) € End?(V) is a System of endomorphisms A(z,e) = (Ai(z,e), ..., Ag(z, €))
Analyzing the study of Riemannian geometry we see that its gystem of endomorphisms 7}, = T,(A), u € N(q), satisfying of D,, where A,(x,e) is the shape operator corresponding to
basic concepts are related with some operators, such as shape, the following condition (generalizing (N3)): (x,e), ie.

Ricci, Schouten operator, etc. and functions constructed For every smooth curve 7 — A(7) in End %(V) such that
of them, such as mean curvature, scalar curvature, Gauss- A(0) = A

Ay(z,e)(X)=—(Vxes) , X €D,

Kronecker curvature, etc. The most natural and usetul func- g g Let T(x,e) = (Tu(x,€))uenig be the generalized Newton
tions are the ones derived from algebraic invariants of these —0u(T) g = Z<<_ AQ(T)T:O)T’T%M» transformation associated with A (z, e).

operators, e.g., by taking trace, determinant and in general dr a dr (GNT) Define the section Y, € [(E), u € N(q) as follows

the r-th symmetric functions o,. However, the case r > 1 _ Z . ( i Aa(T)o - T >

is strongly nonlinear and therefore more complicated. The - dr N0 Salu) ) Yi(z,e) = ZT 8,0, () (T e)(Ve.es) + Z O, (u)(T, €)eq-
powerful tool to deal with this problem is the Newton trans- o, a

Theorem 2.1 (Generalized Hamilton—Cayley Theorem) Let T =

formation 7, of an endomorphism A (strictly related with the . o
( (T, : v € N(q)) be the generalized Newton transformation lemma 3.1 The divergence of Y., is given by the formula

Newton’s identities) which, in a sense, enables a linearization
of A. Then for every u € N(q) of length greater or equal

Of Or, h T B O divgy, = —|u|au + Z {tl” <R0475T5b04b(u)> + g(diVE/TEb%(u), (Veaeﬁ)T>
(r + 1)o,41 = tr (AT}). to p we have 1, = 0. o f i ) i
Moreover the generalized Newton transformation T' = (7T, : = 9(Hpi, Ty (Veues) )+ ) 9((Veues) ™ T (Ver ) )}’
Y
: u € N(q)) of A satisfies the following recurrence relations:
2 Newton transformation and General- Theorem 2.2 where Hpy denotes the mean curvature vector of the dis-
ized Newton transformation ' tribution D
: : : 1y = 1y, where () = (07 s 70) Put

Let A be an endomorphism of a p-dimensional vector space V. - AT R 7 .
The Newton transformation of Ais asystem T = (T),—01.. u=0Oulv — Z -t oy (u) ou(T) = . ou(x,e)de = Gau(x, epa) da,
of endomorphisms of V' given by the recurrence relations: o1y — ZT%@)AQ, where |u| > where (z, eg) is a fixed element of P,. We call &'s extrinsic

Ty = 1y N curvatures of a distribution DD. Moreover, we define total

. trinst t
I, =0 ly — ATy, r=12,... For q,s > 1 let N(q, s) be the set of all ¢ x s matrices, whose CLTITSNE CUTDAriTes
entries are elements of N. Clearly, the set N(1, s) is the set M _ ~
Here o,’s are elementary symmetric functions of A. If r > p .. . . A T ( ) Ou = / ou(x) dz.
| of multi-indices ¢ = (iy,...,%5) with é1,...,7, € N, hence M
we put o, = 0. Equivalently, each 7T, may be defined by the N(s) — N(1 M i § o (70 N
formula (5) = . ( ’8) OTCOVEL, CVELY THAlllx 1 = (Zl.l) < (q, S) Theorem 3.2 Assume M is closed. Then, for any u €
r | , may be identified with an ordered system i = (i',...,47) of N (q), the total extrinsic curvature o’ satisfies
T, =) (1Yo, A, multi-indices i = (39, .. . ).
Jj=0 Ifi=(21,...,15) € N(s) then its length is simply the number uloy’ = /P (b (R sT0,00) + 9(AVETS s (Veyes) )
o

Observe that T}, is the characteristic polynomial of A. Conse- |i| = 4; + ... +1,. Fori= (i',...,29) € N(q, s) we define its
quently, by Hamilton—Cayley Theorem T, = 0. It follows that weight as an multi-index |i| = (|7}|,...,]#|) € N(g). By the
T, = 0 for all r > p. The Newton transformation satisfies the length ||i|| of i we mean the length of |i|, i.e., ||i|| = D>, %] =
following relations: D0l

(N1) Symmetric function o, is given by the formula Denote by I(g, s) a subset of N(qg, s) consisting of all matrices
1 satistying the following conditions:

- g<HDi7 Tﬁb%(u)<v€a65>T> + Z g<<Tﬁ*bozb(u)<v€a67)T7 (vefyeﬁ)T))?
Y

where Hp. denotes the mean curvature vector of distri-
bution D+.

By Theorem 3.2, we have in particular

roy = tr(AT—1). 1. every entry of i is either 0 or 1, gé‘ﬁm 9 =0
(N2) Trace of T} is equal 2.the length of i is equal to s, 1
" an
3.1n every column of 1 there is exactly one entry equal to 1,
Ty =(p—rjor or equivalently [iT| = (1,...,1). 200y = [ (Rieo)os = 9lHp (e + 3 0((Te) ", (Teeal)),
NI A(+) i th 1 End h that We identify I(q,0) with a set consisting of the zero vector 7
(N3) A(O)(? jatir;r?(f)or :u_rvg 1111 nd (V) such tha 0=10,....0]". where (Ricp)a s = Ricp(eq, €3) and Ricp is the Ricci curva-
- IR Let A € End%V), A = (A;,...,A,), and i € N(q,s). ture operator in the direction of D, i.e.,
d d Al ndomorphism (composition of endon
01 (T)eg = tr (—A(T)—g - T)). By A' we mean an endomorphism (composition of endomor- Ricn(X. V) — ROE XY £
dT " dT phisms) Of the form ICD( ) ) z@:g< (fu ) 7fz)a

Condition (N3) is the starting point to define generalized New-
ton transformations.

Al = AZEA;% . A?A? . A’f} .. AZE . Aff. where (f;) is an orthonormal basis of D.
If D is integrable i.e. D defines a foliation J then above
theorems generalized some well known facts:

Theorem 2.3 For cvery system of endomO’/Tphz'sms A = Corollary 3.3 Assume M 1is closed. Then, for any u €
(A, ..., Ay), there exists unique generalized Newton n

transformation T = (T, : uw € N(q)) of A. Moreover,

Let V' be a p-dimensional vector space (over R) equipped with 1y, particular, A" = 1y
an inner product (,). For an endomorphism A € End (V)
let A" denote the adjoint endomorphism.

Let N denote the set of nonnegative integers. By N(q) denote (q), total extrinsic curvature ol of a distribution D with

the set of all sequences u = (uy, ..., u,), with u; € N. The . totally geodesic normal bundle is of the form
. each T, is given by the formula
length |u| of u € N(q) is given by |u| = u;+...+u, Denote y
by End (V') the vector space End (V) x ... x End (V) (¢ u | | ulo,” = Z / tr (R, 57,0, (u))-
times). For A = (Ay,..., 4, € EndY(V), t = (t1,...,t,) € T, = S: S: (—1)||1||0u_|i|A1, a,p 7
R? and u € N(q) put 5= i€l(g.s) Corollary 3.4 Assume (M, g) is closed and of constant

pu_ g where o, _ji| = o,_ji(A). sectional curvature k. Let & be a foliation on M with
PA tlA .;rq | LA totally geodesic and integrable normal bundle F+-. Then
IR the total extrinsic curvatures of & depend on k, the volume

By a Newton polynomial of A we mean a polynomial Py : of M and the dimension of I only.

R? — R of the form Pa(t) = det(ly +tA). Expanding Py [et (M, g) be an oriented Riemannian manifold, D a p- lf\gro 1;1?12\;%1“ e\;vcirfrrﬁi}é 2ffvg1})$§énsf0rmulae of Brito and Naveira

3 Applications to extrinsic geometry

we get dimensional (transversally oriented) distribution on M. Let 1
Pa(t) = Z out”, g denotes the codimension of D. For each X € T, M there is (g) (771 (qé_l) k2vol(M) for p even and ¢ odd
[ul<p unique decomposition /MST =) 2 () (T ()rrvol(M) for p and g even
: - 0 otherwise
where the coefficients o, = 0,(A) depend only on A. Observe X X7+ XL \

that 0(0,...0) = 1. It is convenient to put o, = 0 for |u| > p.

Consi.der t};e following (music) convention. For a we define 1 ..o xT D, and X is orthogonal to D,. Denote by D~
functions a* : N(g) — N(g) and a, : N(g) — N(g) as follows the bundle of vectors orthogonal to D. Let V be the Levi-
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aMiy, ..o yig) = (it a1y d0 + Lidast, - - - i),
&b(ilv R 77;61) — (ila R 77;a—17 i@ _ 17 ioz—l—lv R 7iq)7



