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Motivation

The uniform topology 1s one of basic topologies on function spaces. We study local and

global topological properties of spaces of uniform embeddings and groups of uniform home-

omorphisms 1n metric manifolds endowed with the uniform topology. Since the notions of

uniform continuity and uniform topology depend on the choice of metrics, we are concerned

with dependence of those properties on the behavior of metrics 1in neighborhoods of ends of

manifolds.

Basic Definitions and Notations
Amap f:(X,d) — (Y, o) between metric spaces is said to be uniformly continuous if
Ve>0d0>0 suchthat if z,2" € X and d(z,2") < d then o( f(x), f(2')) < €.
The map f is called a uniform homeomorphism if
f is bijective and both f and f~! are uniformly continuous.

A uniform embedding 1s a uniform homeomorphism onto its image.

For subsets A, B of a metric space (X, d) we say that

B is a uniform neighborhood of A in (X,d) and write A C, B

if B contains the e-neighborhood O.(A) of A in X for some € > 0.
A subset A of X is said to be uniformly discrete if there exists an € > 0 such that d(x,y) > ¢
for any distinct points z,y € A.

Suppose (M, d) is a metric n-manifold (i.e., a separable topological manifold possibly with
boundary assigned a fixed metric). For subsets X and C of M, let

EXX, M;C) = the space of proper uniform embeddings
f:(X,d|lx)— (M,d) with f =idon X NC.
This space 1s endowed with the uniform topology induced from the sup-metric
d(f,9) = sup {d(f(2), g(x) | € X} € [0,00]  (f.9 € EX, M:C)).
For a subset A of M let
HY% (M, d) = the group of uniform homeomorphisms h : (M, d) — (M, d)
with h|4 =id4, endowed with the uniform topology,
HY(M,d), =4{h € HY(M,d) | d(h,idy;) < oo}
(the subgroup of bounded uniform homeomorphisms),
HY% (M, d)y = the connected component of idy; in H% (M, d).
Note that H'% (M, d);, is an open subgroup of H% (M, d) and so H4(M, d)y C HY% (M, d)y.

Local deformation property of uniform embeddings

The newt definition 1s motivated by the Edwards-Kirby local deformation theorem for em-
beddings of compact spaces [1].

Definition 1. For a subset A of M we say that
“A has the local deformation property for uniform embeddings in (M, d)”
and write A : (LD),; if the following holds:
(%) for any tuple (X, W' W, Z,Y) of subsets of M with
XCcCA Xc, WcWcMand ZC,Y CM
there exists a neighborhood WV of the inclusion map ¢y : W C M in EY(W, M;Y) and
a homotopy ¢ : W x [0,1] — EXW, M; Z) such that
(1) foreach f € W
@ @olf)=Ff, @) ei(f)=1d on X,
(i) wi(f) =f on W —=W' and @(f)(W)=f(W) (t€]0,1]),
(iv) if f =id on W NOM, then ¢;(f)=id on W oM (t € |0,1)),
) @iliw) =iw (¢ €0,1).
We omit the subscript M in the symbol (LD);; when A = M.
The Edwards-Kirby deformation theorem ([1]) can be restated in the next form.

Edwards-Kirby deformation theorem.
K C M : Relatively compact —> K : (LD)y,

Baisc Properties of (LD). ([4])

(1) (Invariance under Uniform Homeo’s)
M = N (uniform homeo) M : (LD) = N : (LD)

(2) (Restriction) ACBCM B:(LD)y = A:(LD)y

(3) (Additivity) Ac,UcCc M, Bc M U,B:(LD)y = AUB:(LD)y

(4) (Relatively compact subsets) K C M : Relatively compact, A C M
A:(LD)y <= AUK :(LD)y

(5) (Neighborhoods of Ends)

M=KuUU" L, K C M : Relatively compact
L; C M : Closed, L;: n-manifold, d(L;,L;)>0 (1 % j)

M:(LD) <—= L;:(LD) (¢=1,---,m)

6) (M,d): (LD) = H"“(M,d) : locally contractible

Example 1.

[1] Metric covering spaces over compact manifolds

The following notion 1s a natural metric version of Riemannian covering projections.

Definition 2. A map 7 : (X,d) — (Y, o) is called a metric covering projection if it satisfies

the following conditions:

(1)1 There exists an open cover I/ of Y such that for each U € U the inverse 7 *(U) is
the disjoint union of open subsets of X each of which 1s mapped 1sometrically onto U
by .

()2 For each y € Y the fiber 7~ !(y) is uniformly discrete in X .

(8)3 o(m(x), w(x")) < d(z,z') for any x, 2" € X.
Theorem 1. 7 : (M, d) — (N, o) : a metric covering projection ~ __, (M, d) : (LD)
N : a compact manifold |

This theorem can be deduced from the Edwards-Kirby local deformation theorem and
the classical Arzela-Ascoli theorem for equi-continuous families of maps

[2] Metric manifolds with geometric group actions

In term of covering transformations, Theorem 1 corresponds to the case of free group ac-
tions. For the non-free case, we have the following generalization ([4]).

Definition 3. @ : G x X — X : an action of a discrete group GG on a metric space (X, d)

(1) @ : locally 1sometric
<= Va2 € X de > 0such that each g € G maps O.(x) isometrically onto O.(gx).

(2) @ : locally geometric <= @ : proper, cocompact and locally 1sometric.

Corollary 1. (M, d) : a metric manifold
(M, d) admits a locally geometric group action — (M, d) : (LD)
This follows from Theorem 1 and Additivity of (LD);,.

[3] Typical Model spaces
The following model spaces and their ends have the property (LD).

(1) Euclidean n-space R"™ (with the standard Euclidean metric)

o R"™ admits the canonical geometric action of Z"
(i) the Euclidean ends R =R" — O,(0) (r > 0)
(ii) the half space R%; = {x € R" |z, > 0}

(2) Hyperbolic n-space H"
o H"™ admits a Riemannian covering projection onto a closed hyperbolic n-manifold.
(3) Cylinder (N x R, d)
((N, o) : Compact metric n-manifold, d((x,t), (y,s)) = v/o(z,y)>+ |t — s]*)
o Z~NXR: m-(x,t)=(x,t+m): ageometric action
(i) Cylindrical end (Productend): (N x |0,00),d)

Global deformation property of uniform homeomorphisms

Euclidean n-space R" has the similarity transformations
k, RP=R": k(x)=~vyx (7> 0).
Conjugation with these similarity transformations enables us to deduce a global deformation
property for uniform embeddings in the Euclidean ends R” = R"” — O,(0) (r > 0) from the lo-

cal one. Since this global deformation property 1s preserved by bi-Lipschitz equivalences, we
can consider a more general setting of metric spaces with finitely many bi-Lipschitz Euclidean

ends ([3]).

Definition 4. A bi-Lipschitz n-dimensional Euclidean end of a metric space (X, d) means a
closed subset L. of X which admits a bi-Lipschitz homeomorphism 6 : R} ~ (L, d|;) such
that #(OR?}) = FryL. We say that L is isolated if d(X — L,0(R")) — oo as r — oo. Let
I’ = O(RY), L' = O(RY).

Theorem 2. Suppose X 1s a metric space and L4, - - - , L,, are mutually disjoint isolated bi-
Lipschitz Euclidean ends of X. Let L' = LiU---UL/ and L”" = LY U---U L’ . Then there
exists a strong deformation retraction ¢ of H"(X ), onto HY,(X); such that

oi(h) =h on h}(X — L") — L' forany (h,t) € HYX), x [0, 1].
Example 2.
(1] 1Ry % () HU(RY), N\, HE(RY) = %)

[2] N : a compact connected 2-manifold with a nonempty boundary

C' = U",C; : anonempty union of some boundary circles of NV

M = N — (' (anoncompact connected 2-manifold)

L; : the end of M corresponding to the boundary circle C

d : a metic on M such that each L; is an isolated bi-Lipschitz Euclidean end of (M, d)

— H“(M,d)y >~ * (C.) HY M, d)o ~HE( M)y~ Hc(N)p > *)
In [2] we showed that H"(RR),; is homeomorphic to /...

Conjecture. H"(R"); is homeomorphic to /., for any n > 1.
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